We investigate the distinguishing index D ′ (G) of a graph G as the least number d such that G has an edge-colouring with d colours that is only preserved by the trivial automorphism. This is an analog to the notion of the distinguishing number D(G) of a graph G, which is defined for colourings of vertices. We obtain a general upper bound
Introduction and definitions
Albertson and Collins [1] introduced the distinguishing number D(G) of a graph G as the least number d such that G admits a vertex-colouring with d colours that is only preserved by the trivial automorphism. Ten years later Collins and Trenk [2] defined the distinguishing chromatic number χ D (G) of a graph G for proper colourings, so χ D (G) is the least number d such that G has a proper colouring with d colours that is only preserved by the trivial automorphism. This concept has spawned numerous papers on finite graphs and infinite graphs. For endomorphisms instead of automorphisms this concept was investigated in [6] .
Note that D(G) = 1 for all asymmetric graphs. This means that almost all finite graphs have distinguishing number 1, because almost all graphs are asymmetric (see Erdős and Rényi [4] ). Clearly, D(G) ≥ 2 for all other graphs. Again, it is conjectured that almost all of them have distinguishing number 2. This is supported by some observations of Conder and Tucker [3] .
On the other hand, for a complete graph K n , and a complete bipartite graph K n,n we have D(K n ) = n, and D(K n,n ) = n + 1. Furthermore, the distinguishing number of a cycles C 3 , C 4 , C 5 is 3, while cycles C n of length n ≥ 6 have distinguishing number 2.
This compares with a more general result of Collins and Trenk [2] , and of Klavžar, Wong and Zhu [10] .
Theorem 1 [2] ,[10] If G is a connected graph with maximum degree ∆, then D(G) ≤ ∆ + 1. Furthermore, equality holds if and only if G is a K n , K n,n or C 5 .
In the same paper, Collins and Trenk obtained a general result for the distinguishing chromatic number.
Theorem 2 [2]
If G is a connected graph with maximum degree ∆, then χ D (G) ≤ 2∆. Furthermore, equality is achieved if and only if G is a K n,n or C 6 .
The aim of this paper is a presentation of fundamental results for colourings of edges instead of vertices. We obtain general bounds, and an interesting relationship between the distinguishing chromatic index and the vertex distinguishing index by walks (introduced in [9] ).
Definition 3
The distinguishing index D ′ (G) of a graph G is the least number d such that G has an edge-colouring with d colours that is preserved only by the identity automorphism of G.
Definition 4
The distinguishing chromatic index χ ′ D (G) of a graph G is the least number d such that the G has a proper edge-colouring with d colours that is preserved only by the identity automorphism of G.
One may use the term labeling instead of colouring. Obviously, none of these two invariants is defined for graphs having K 2 as a connected component.
Given an edge-colouring c, the palette at a vertex x is the set of colours of the edges incident to x. Clearly, if different vertices have different palettes, then the only automorphism preserving c is the identity.
Sometimes
Clearly it holds for all graphs with a trivial automorphism group. And also for paths and cycles.
Proof. The distinguishing number for paths and cycles equals D(
Our observation follows immediately from the fact that the L(P n ) ∼ = P n−1 and
where L denotes the line graph.
However, quite frequently
, for any n ≥ 3 and p ≥ 2.
Proof. First, we show how to colour a complete bipartite graph K p,p with three colours. Let x 1 , ..., x p be vertices of one independent set X and y 1 , ..., y p be vertices of the other independent set Y . For each i, we colour with red all edges x i y j , for j ∈ {1, ..., i}. Next we colour two edges x 1 y p and x 2 y p with green, and all the remaining edges we colour with blue. In this way, every vertex from X has a different number of incident red edges. The same is true for vertices from Y . Furthermore, every automorphism preserving this colouring fixes y p since it is the only vertex with two green edges. Consequently, it fixes every vertex in Y , and thus, also in X. Hence, the unique automorphism preserving this colouring is the identity.
It is easy to see that two colours are not enough. We have to distinguish at least p + 1 vertices (all from one independent set and at least one from another one). If we use two colours, say red and blue, then in every vertex, we obtain a pair of numbers of red and blue edges summing up to p. Observe that we cannot have at once a vertex with all blue edges and another one with all red edges. So we have only p possibilities for such pairs. Now, we colour a complete graph with three colours. Let V (K n ) = {x 1 , ..., x n }. For each i ∈ {1, ..., ⌊ n 2 ⌋} we colour with red all edges x i x j , for j ∈ {i + 1, ..., n − i + 1}. Next we colour with green two edges x n x ⌈ n 2 ⌉ and x n−1 x ⌈ n 2 ⌉ and we colour all the remaining edges blue. In this way, every vertex has a different number of incident red edges except for two vertices x ⌈ n 2 ⌉ and x ⌈ n 2 ⌉+1 which have ⌊ n 2 ⌋ red edges. But none automorphism preserving this colouring permutes these two vertices because of the green edges. Hence, the unique automorphism preserving this colouring is the identity. It is easy to observe that two colours are not enough, because, as above, we need n different pairs of numbers summing up to n, but if a pair (0, n) appears, then (n, 0) is excluded..
In the next section we first present some special classes of trees with the distinguishing index greater than the distinguishing number. Next, we show that
is not greater then ∆(G) + 1 for any connected graph. And we show independently thatD ′ (G) ≤ ∆(G) (Theorem 12). In the last section we investigate proper colourings of edges of G. By Vizing's Theorem every graph has a colouring with ∆(G) or ∆(G)+1 colours. We show that ∆(G) + 1 colours suffice to find a proper colouring preserved only by the trivial automorphism unless G is C 4 , K 4 , C 6 or K 3,3 .
General bounds for trees and connected graphs 2.1 Trees
Recall that every finite tree T has either a central vertex v c or a central edge e c , which is fixed by every automorphism of T . We say that a tree T is bisymmetric if it has a central edge e c , all leaves are at the same distance from e c and every vertex that is not a leaf has the same degree. If a tree has a central vertex, all leaves are at the same distance from a vertex v c and every vertex that is not a leaf has the same degree, then such a tree is called symmetric. Observe that a path is either a symmetric or a bisymmetric tree depending of the parity of its length.
Collins and Trenk in [2] , obtained a general bound for the distinguishing number of trees. We cite it improving a small mistake in the original paper.
Furthermore, equality is achieved if and only if T is a symmetric tree or a path of odd length.
We show that the distinguishing index of a tree is not greater than its distinguishing number unless it is a bisymmetric tree different from a path.
with equality holding if and only if T is a bisymmetric tree with maximum degree at least three.
Proof. Letĉ : V → {1, 2, . . . , D(T )} be a vertex-colouring preserved only by the identity. Case 1. A tree T has a central vertex v c . If xy is an edge of T such that d(x, v c ) = d(y, v c ) + 1, then we colour it as c(xy) :=ĉ(x). Suppose φ is a nontrivial automorphism of T preserving the colouring c. As φ fixes the central vertex v c , it also fixes the distance from any vertex x to v c . Hence,ĉ(φ(x)) = c(φ(x)φ(y)) = c(xy) =ĉ(x), that is, φ preserves the vertex colouringĉ, a contradiction.
Case 2. A tree T has a central edge e c . The central edge e c is fixed by every automorphism. We colour every edge xy such that the distance from x to the central edge e c is greater by one than the distance from y to e c with c(xy) :=ĉ(x). We colour e c arbitratrily. Suppose that φ is a nontrivial automorphism of T preserving the colouring c. So there exist two edges x 1 y 1 and x 2 y 2 with the same colour such that φ(x 1 y 1 ) = x 2 y 2 . As φ fixes the edge e c , the distances from e c to x 1 and x 2 are equal andĉ(x 1 ) =ĉ(x 2 ). Hence, either φ is a nontrivial automorphism preserving the colouringĉ or T is a bisymmetric tree andĉ distinguishes the end vertices of e c . In the latter case, we need one additional colour for one edge adjacent to e c . In consequence, the unique automorphism of T preserving this colouring c is trivial.
Theorems 7 and 8 immediately imply the following result.
Moreover, equality is achieved if and only if T is either a symmetric or a bisymmetric tree.
Connected graphs
Proof. If G is a tree then the claim is true by Theorem 9. Suppose that G is a cyclic graph. If G is just a cycle, then the claim follows from Proposition 5.
Letĉ : V → {1, 2, . . . , D(G)} be a colouring preserved only by the identity. Obviously, if D(G) = 1, then G is asymmetric and D ′ (G) = 1. So, letĉ use at least two colours.
We will define an edge-colouring c with D(G) + 1 colours. Denote by 0 an additional colour not used byĉ. Let C be a cycle of G. We first colour the edges of C according to its length p in such a way that the only automorphism of C preserving this colouring is the identity. By Proposition 5, we can do this with colours 0, 1, 2 if p ≤ 5, and with colours 0, 1 if p ≥ 6. Then we retire 0, so C will be fixed by every automorphism of G. Next we colour every edge xy such that the distance from x to the cycle C is one more than the distance from y to C. Here we put c(xy) =ĉ(x). Finally, we colour every edge xy such that x and y are of the same distance to the cycle C arbitrarily, say with colour 1.
Suppose that φ is a nontrivial automorphism of G preserving a colouring c. Then φ fixes the vertices of the cycle C, hence it preserves the distances from vertices of G to C. Therefore there exist edges xy such that the distance from x to C is greater by one than that of y, and c(φ(xy)) = c(xy). For each such edge, we haveĉ(φ(x)) = c(φ(xy)) = c(xy) =ĉ(x). As φ fixes C, it follows that the colouringĉ of vertices is preserved by φ, a contradiction.
Theorem 10 is interesting in view of the conjecture, mentioned in Section 1, that almost every non-asymmetric graph has the distinguishing number two.
Theorems 1 and 10 immediately imply the following.
We can strenghten the above corollary as follows.
Proof. Denote ∆ = ∆(G). Due to Proposition 5, we may assume that ∆ ≥ 3. Denote by N r (ξ) the set of all vertices of distance r from ξ, where ξ is either a vertex or an edge.
Consider first an irregular graph G = (V, E). Let xy be an edge of G such that deg(x) = δ(G). We colour xy with 1, then all other edges incident to x with a colour from {2, . . . , ∆(G)}, and all other edges incident with y from {∆ − deg(y) + 2, . . . , ∆}. As δ(G) = ∆(G), the sets of colours of edges incident to x or to y are different. We will not use colour 1 any more, so vertices x and y are fixed by any automorphism of G. Moreover, all vertices from N 1 (xy) are fixed by any automorphism. Now, for r ≥ 1 let u be a vertex from N r (xy). We colour all edges uv, for v ∈ N r+1 (xy), with colours from {2, . . . , ∆}. Therefore, all vertices of G are fixed by any automorphism of G. Observe that colours of edges between two vertices of the same N i (x) could be arbitrary. Now, let G be a regular graph. Due to Proposition 5, we may assume ∆ ≥ 3. Fix any vertex x of G and colour all edges incident to it with 1. In our edge-colouring c of the graph G, the vertex x will be the unique vertex with the monochromatic palette {1}, hence it will be fixed by every automorphism φ preserving c. The neighbourhood N 1 (x) can be partitioned into subsets M k , for k = 0, 1, . . . , ∆ − 1, defined as
If l 0 = ∆, then G is a complete graph K ∆+1 , and we done by Proposition 6. Otherwise, if l 0 ≥ 1, we can colour the edges incident to the vertices of M 0 with two colours 2 and 3 such that the palette of v i contains exactly l 0 + 1 − i edges coloured with 2. Thus, each vertex of M 0 is fixed.
Let k ≥ 1. For every i = 1, . . . , l k , we colour the edges v i u, where u ∈ N 2 (x), with a distinct colour from {1, . . . , k + 1} in such a way that the colour i is missing in the palette of v i . Then we colour all the remaining edges incident to v i with 2. Clearly, each vertex of N 1 (x) ∪ N 2 (x) is fixed by every automorphism preserving the colouring c.
For v j ∈ Nj(x), j ≥ 2, we colour all edges v j u, u ∈ N j+1 (x) with distinct colours from {2, . . . , ∆} and the remaining edges incident to v j arbitrarily.
Then we recursively colour the edges incident to consecutive spheres N j (x) in such a way that distinct vertices of N j (x) have distinct palettes. It is easily seen that it is always possible. Hence, all vertices of G are fixed by any automorphism φ preserving our colouring c.
Distinguishing chromatic index 3.1 General bound
Let c be a proper edge-coloring of a connected graph G of order n ≥ 3. For every vertex x, each walk starting at x defines a sequence of colours (α i ), called a colour walk. Denote by W c (x) the set of all colour walks starting at x. A new invariant µ(G), called the distinguishing index by colour walks of a graph G, was introduced in [9] as the minimum number of colours required in an edge-colouring of G such that W c (x) = W c (y) for every two distinct vertices x, y.
Theorem 13 [9] Let G be a connected graph of order n ≥ 3. Then
except for four graphs of small order:
The next lemma exhibits a relationship between µ(G) and χ ′ D (G).
Lemma 14
Every connected graph G of order n ≥ 3 fulfils the inequality
Proof. Let c be an edge-colouring distinguishing vertices by colour walks, i.e., W c (x) = W c (y) if x = y. Suppose φ is a nontrivial automorphism of G preserving c. Then there exists a vertex x such that x = φ(x). An automorphism φ preserves the colouring, so every sequence (α i ) ∈ W c (x) belongs also to W c (φ(x)). And every sequence (β i ) starting at φ(x), starts also at φ −1 (φ(x)) = x. Hence, x and φ(x) are not distinguished by colour walks in this colouring.
In consequence, we obtain a sharp upper bound for the distinguishing chromatic index of connected graphs.
This theorem immediately implies an interesting result. An edgecolouring of G with χ ′ (G) colours is called minimal.
Theorem 16 Every connected Class 2 graph admits a minimal edgecolouring that is not preserved by any nontrivial automorphism.
Let us now modify the notion of distinguishing graphs by colour walks by considering colour paths with palettes. More precisely, given an edgecolouring, let P c (x) denote the set of sequences of colours of paths starting at a vertex x. We say that two vertices x and y are similar if P c (x) = P c (y), and moreover, the paths P x , P y starting at x, y respectively, with the same sequence of colours terminate in vertices with equal palettes.
If there are no two similar vertices, then we say that the vertices of a graph G are distinguished by colour paths with palettes, and the least number of colours in such a colouring we denote by µ p (G). It is easily seen that µ p (G) ≤ µ(G). In the next subsection, we shall show that the inequality cannot be replaced by the equality. 
Proof. Suppose that x and y are two similar vertices. Define a nontrivial automorphism φ of a graph G as follows. First put φ(x) = y. Next, for every vertex v ∈ V (G) \ {x}, take any path P x from x to v and a path P y with the same sequence of colours which terminates at u, and put φ(v) = u.
We have to prove that φ is a well-defined automorphism preserving the colouring c. It is not difficult to see that to do this, it suffices to show that the definition of φ(v) does not depend on the choice of a path P x from x to v. Assume P ′ x is another path from x to v. Let P y , P ′ y ∈ P c (y), the sequences of colours of P x and P y are equal, as well as those of P In consequence, we obtain the equality of two indices.
Corollary 18 Let G be a connected graph of order n ≥ 3. Then every proper edge-colouring c of G is preserved only by the trivial automorphism if and only if c distinguishes the vertices of G by colour paths with palettes, i.e.,
Some Class 1 graphs
As it follows from the previous subsection, χ We shall first show that there are graphs for which χ ′ D < µ. By Proposition 17, this means that distinguishing vertices by colour walks is not equivalent with distinguishing by colour paths with palettes.
Every regular graph G of Class 1 satisfies µ(G) = ∆(G) + 1. Indeed, for every minimal edge-colouring of G, the palette of each vertex is the same. Hence, for any vertex x, the set W c (x) is the same, as it comprises all sequences of colours of c. By Theorem 13, one additional colour is enough to distinguish all vertices by colour walks.
Consider the cubic graph G drawn in Figure 3 . The edges of a cycle C 8 are properly coloured with two colours, and the remaining edges, creating a perfect matching, have a third colour. Let φ be an automorphism preserving this colouring. The unique triangle of G has to be mapped onto itself. Regarding the colours of its edges, it has to be fixed by φ. Hence, the cycle C 8 also is fixed. Thus χ ′ − D(G) = 3 while µ(G) = 4. This example can easily be generalized for higher orders and degrees by taking a longer even cycle with a perfect matching creating only one triangle, and then introducing more arbitrary perfect matchings.
For Class 1 graphs, we sometimes need one colour more than χ ′ for χ ′ D , and in four cases, two additional colours. Also for paths of odd length we χ ′ D (P 2k ) = χ ′ (P 2k ) + 1 colours. If we have a proper colouring of P 2k , then it is enough to recolour a hanging edge with a new additional colour. For paths of even length, any proper colouring is preserved only by the identity. This observation can be extended to trees in general. Case 2. T has a central edge e c fixed by every automorphism. Let T 1 and T 2 be subtrees created by deleting an edge e c . If these subtrees are not isomorphic, then the end vertices of e c are fixed by every automorphism, and we are done by similar arguments as in Case 1. Let then T 1 and T 2 be isomorphic. Suppose there exist vertices x 1 ∈ V (T 1 ) and x 2 ∈ V (T 2 ) that are not leaves with degree in T smaller than ∆(T ). If the sets of colours of edges incident to x 1 and x 2 are different, the unique automorphism preserving this colouring of T is the identity. If not, let 0 be a colour which is not in a set of colours of edges incident to x 2 . We recolour one edge incident to x 2 with 0, and, if necessary, we recolour a Kempe path in T 2 induced by 0 and the colour of the edge incident with x 2 before recolouring.
If T 1 and T 2 are isomorphic and all vertices in T that are not leaves have degree ∆(T ), then T is a bisymmetric tree. We need an additional colour to distinguish end vertices of e c , which are then fixed by every automorphism, and we can use the same arguments as in Case 1 to finish the proof.
